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Introduction

The study of boundary value problems containing a spectral parameter in the boundary conditions have
many interesting applications, especially in mathematical physics (for example, see [12]). Many self-adjoint
boundary value problems for a differential equation of the second order for which p(x) = 1 and including a
spectral parameter in the boundary condition were discussed in [4], [9], [11], and [13]. Moreover, a singular
non-self-adjoint boundary value problem with a discontinuous coefficient and including a spectral parameter
in the boundary condition was investigated in [3].

In [7] Karwan H. F. Jwamer and Khelan H. Qadr studied asymptotic behaviors of eigenvalues in both cases
regular and irregular with estimation of normalized eigenfunctions to the spectral problem:

—y" +q(x)y = 2*p(x)y,x €[0,a],y'(0) = 0,y'(a) + idy(a) = 0,

1
a 2

[p@lyeorax) =1

0

In [6] Karwan H. F. and Aryan Ali. M studied the boundedness of the eigenfunctions of the spectral problem
of the form:

179


mailto:aryanmath76@yahoo.com
mailto:aryan.mohammed@univsul.edu.iq

JZS (2016) 18- 1 (Part-A)

—y"(x) + p1()y' (x) + q1 () y(x) = A2p(x)y(x),
with the boundary conditions

y(0) =0,y (a) —ily(a) =0,
1

a 2
(fﬂwnz dx) =1
0

el P1(x)dx

where A is a spectral parameter, and p(x) is a weight function satisfying the Lipschitz condition, p,(x) #
0,p,(x) € C1[0,a], q,(x) € C[0, al.

In [1-2] and [5] the properties of eigenvalues and the estimation of the corresponding eigenfunctions for

the boundary value problems consisting the same differential equation
—y" +q()y = p(x)y,x € (0,a)
but different boundary conditions were studied.

In this paper, we derive the general solution for nth order linear ordinary differential equations of the form
y™(x) + A" y(x) = m(y),x € [a,b] for 1 # 0,where m(y) = —p,(x)y™ 2 (x) — - — p, (x)y(x), and
p2(x), ... ,pn(x) are continuous functions of x in the interval [a, b], through the method of variation of
parameters. Also we find the boundedness of the eigenfunctions of second order boundary value problem [1]-
[3] as well as we study the sign of real part of the spectral parameter A due to the sign of real parameter H in
the boundary conditions, furthermore the asymptotic behavior of eigenvalues of the problem:

y"(x) + 2% y(x) = q(x)y(x) ,x € (0, ) 1)
with the eigenparameter dependent boundary conditions

U(y) =y'(0) — hy(0) =0, )
V(y) =y'(m) + (AH — Hy)y(m) = 0, ©)

where g(x) is a real valued function, and h,H,H; € R, and A = § + ig, 5,0 € R is a spectral parameter.
Assume that the numbering of the roots of w;, = /1 is given by

Re(iw,1) < Re(iw;A). Entire complex plane of A = § + io can be divided into four sectors with vertex at
A = 0, so that each sector T}, for different roots of w; can be ordered so that for

A € Ty satisfies the inequality Re(iw,4) < Re(iw; 1), and the sector T}, in the plane 4 is

determined by the inequalities @ <argA<kmk=1,..4.
Derivation of the general solution of y™ (x) + A" y(x) = m(y) via the method of variation of
parameters

The aim of the Derivation depends on the fact that the equation y™ (x) + A" y(x) = m(y) can be reduced
to a certain equivalent integro- differential equation.

Theorem 1

The general solution y(x) of nth order linear ordinary differential equation of the form
y™W@) + M y(x) =m(y), x€[ab]
via the method of variation of parameters for 2 # 0 can be expressed as

n paL Aw; (x—t)

— Aw;ix wie d
y(x) = cie - = m(y)dt,
i=1 a i=1
where m(y) = —p,(X)y™ 2 (x) — - — p,(x)y(x), and p,(x),...,p,(x) are continuous functions of

x in the interval [a, b], and ¢4, ¢, ..., ¢, are constants.
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Proof
Consider the nth order linear ordinary differential equation of the form

L(y) = y™(x) + 2" y(x) = m(y),x € [a,b]

where m(y) = —p,(x)y™® 2 (x) — -+ — p,(x)y(x), and p,(x),...,p,(x) are continuous functions of
x in the interval [a, b].
We seek a particular solution of L(y) = m(y) in the form

Vp (1) = v1 ()1 (%) + v, () y2 (x) + -+ + v () Y (%),
where {y; (x), y,(x), ..., y,(x)} is a known fundamental set of solutions of the complementary equation

L(y) = y™ (@) + A" y(x) = 0,

and v;(x),v,(x), ..., v,(x) are functions of x to be determined. We begin by imposing the following n — 1
conditions on v, (x), v, (x), ..., v,(x):

v ()Y (x) + v 2 ()y2(x) + -+ v () yp(x) = 0

v (0)y1(x) + v )y (x) + -+ v (D)yp(x) = 0 (4)

01" P @) + () P00 + 0 @y P00 = 0.
These conditions lead to simple formulas for the first (n — 1) derivatives of y, (x):
¥ () = 1y () + v () () + -+ v (O (), 0T <n—1. (5)
These formulas are easy to remember, since they look as though we obtained them by differentiating equation
of y,(x) n— 1 times while treating v; (x), v, (x), ..., v, (x) as constants.
The last equation of equation (5) is
1) = vy ) + v (03 V@) + -+ v GO ().
Differentiating this yields
WP @) = v Y™ () + vV (0 + -+ v Dy () + v V) + w3y () +
e F YV ().

Substituting this equation and equation (5) into equation L(y) = m(y) yields
1) (0 + A 71 (@) + 1200 (P00 + 273,00 ) -+ 1 () (1) + A () +

v} GOy P @) + w3y P @) + -+ v @y () = m().

Equations inside the brackets are equals to zero, since y; (x), y,(x), ..., yn (x) are fundamental solutions of
complementary equation L(y) = 0. Thus the last equation reduces to

v Oy P @) + 5@y P @) + -+ v @y () = m).

Combining this equation with equation (4) show that

Vp(x) = v1(0)y1 (%) + v2(0)y2(x) + -+ + v () yn (x)

is a solution of equation L(y) = m(y) if

v ()Y (x) + v 2 ()y2(x) + -+ v () yp(x) = 0

v'1()y1 () + v ()2 (x) + -+ v R ()yp(x) = 0

v @YD) + Oy + 4 1 Oy P (x) = 0

v )YV (@) + vy )YV @) + -+ v @)y P (x) = m(y).

These equations can be written in a matrix form as
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y1(x) y2(x) Yn(x) v'1(x) 0
y1(x) y2(%) ¥n(%) v | _[ O ©)
yl(n—.l) (X) yz(n—l.) (X) (TL 1) (X) v/n.(x) m(y)

The determinant of this system is the Wronskian W = W (y4, y5, ..., ¥») (x) of the fundamental set of solutions
{y1(x), y2(x), ..., y ()}, which has no zeros on [a, b]. Solving (6) by Cramer’s rule yields

Vi) = (1" m), A< < m)
where W; is the determinant obtained by deleting the last row and jth column of W. Having obtained
v'1(x),v'5(x), ..., v, (x), we can integrate from a to x to obtain v ;(x),v ,(x), ..., v ,(x), where

€ [a, b].
The homogeneous linear differential equation L(y) =0 has for A # 0,the fundamental system
eAWiX eAwaX  eAWnX \where wy,ws,, ..., w, represents the first, second,..., nth roots of (-1) respectively.
Then the homogeneous solution of complementary equation L(y) = 0 is

yr(x) = ¥, c; e*Vi*, where ¢; (fori = 1,2,...,n) are constants.

We know that the Wronskian of y; (x), y,(x), ..., ¥, (x) is defined by

y1(x) y,(x) ¥, (x)
! (X) 4 (X) ! (x)
W =Wy, Vo eer yn) (x) = 3’1 Y2 s y, s
W@ @ . W
elwlx elwzx elwnx
_ Aw, eAwix Aw, eAWz¥ Aw,, etwnx
/1n_1wln_1 el;/le A”‘lwgl‘l .exlex - : Wn 1 lwnx

For every row in the last determinant we factor out the terms e wjx G=1,.,n)and A (i=1,..,n—1)
respectively to get

1 1 1
n(n—-1
wWw=2a ¢ 2 ) eA(W1+W2+"~+Wn)x Wy wy Wy,
n—-1 n—-1 n—1
wi wsy Wy

Since wy, wy, ..., wy, are the nth roots of the homogeneous differential equation y(")(x) + A"y(x) = 0, then
by Vieta’s formula w; + w, + --- + w,, = 0, therefore

1 1 1

nn-1) w w w,
W — /1 2 . 1 2 : Tl:
w1 wi o owpit

The last determinant is a Vandermonde determinant, hence its value is equal to Hlskan(wj - wi), so the last
equation becomes

n(n-1)

w=2 [icicjn(wj — wy).
Now, we use Cramer’s rule to find v (x), v 5(x), ..., v ,(x) successively. First, we begin with v ; (x) which
is equal to

0 elwzt elwnt
0 Aw, etvzt Aw,, eAwnt
xW P 1 1 A t .1 A
m l” wi~ w2t Alyn Wn ¢
vi(x)=| —= &) dt .
W n(n 1)
a a H1<1<1<n(wj Wi)
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We factor out a term m(y) in the last determinant W;, and then we expand the resulting (n — 1) by (n — 1)

determinant in the same way as we have done for expanding the determinant W, after simplification we get
X

e—lwlt
v(x) = (—1)"“] — m(y) dt.
! J An—t H1<jsn (Wj —wyq)
Next, we find v ,(x).
etwit 0 e wnt
Aw, eAwit 0 Aw,, e*Wnt
x “ -1 —1 Awgt E 1 E1 Awn t
v, (x0) = %dt— AV Iwi ettt o m(y) . AV iwg et Wn dt
2 “Iw - n(n-1) )
a a A2 H15i<jsn(wj - Wi)
Since
elwlt 0 eﬂwnt
w. =| 4w etwit 0 Aw,, etWnt
2= : : :
An—lwln'—l elwl t m(y) An—lwrrll—l elwn t
1 1 1
_ (_1)n+2/1n(nz—1)_n+1 e=AWzt n(y) :W1 Wz e Wn
w2 wi—? w2

The last determinant is again a Vandermonde determinant, so

n(n—1)
WZ — (_1)n+2 A1 2 -n+1 e—szt m(y) 1_[ (Wj _Wi)-

1<i<j#2<n

By substituting the value of W, in the last integral and after simplification, we obtain

X

Vy() = (~1)m+ j

a

e—AWZ t

An-1 Hlsj:tzsn(Wj - Wz)

m(y) dt.

Subsequently, in a similar way we can find v 5(x), ..., v ,(x), then

X

Vo) = 0" |

a

e—AW2 t

m(y) dt.
An-1 H15i<an—1(Wj - Wn)

One can easily prove that

[]oy-w)=com -

1<jsn

and generally
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n
—wy) = (D" —,
] w-wo =0
1<jsn—1

Then the equations v, (x), v,(x), ..., v, (x) reduces to

X

-Awqt
w; e 1
v 1(X) = — f MT m(y) dt,
a
xWZ e—AWZt
vo(x) = _IMT m(y) dt,
a
In general
an e—/’lwnt
v,(x) = __[MT m(y) dt.

a

By putting the values of y;(x) v;(x) fori = 1,2,..,n inequationy,(x) = Z y; (x) v;(x),we deduce
i=1
the particular solution of a differential equation L(y) = m(y)

w; eAwike=t)
o) = - f Z G mO,

Hence, the general solution of the given differential equation L(y) = m(y) is

y(x) = yp(x) + y,(x)

A wi (x—t)

y(x) = szn: Wi ) m(y)dt.

i=1

Thus the proof of theorem 1 is finished.

Example
Consider the second order linear ordinary differential equation
L(y) = y"(x) + 2%y(x) = e* = m(y),x € (0,m)
with the boundary conditions
U(y) =y'(0) — hy(0) =0,
V) =y'(m) + (AH — H)y(m) = 0,
then we find the general solution for the given differential equation L(y) = e* by using the form of y(x)
which we have obtained in Theorem 1

Solution
The homogeneous solution of the complementary equation y”'(x) + 12 y(x) = 0 is
Ya(x) = cre** + c e 7,
where w; = i,w, = —i, and ¢;, c, are constants.
Next, we try to find a particular solution y,, (x) for the differential equation L(y) = e*.

B xwlelwl(x—t) it w, Aw, (x—t) it
300 = = [ mOde - [ my)

a a
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X X

] . x . x
i eil(x—t) —i e—ll(x—t) iellx ] ie—tlx )
- _f— efdt—f— et dt = __f (=Dt gt 4 f C(HDE gy
21 21

21 21
0 0 0 0
— _L [ (1-it ]x + ie” [ (1+iA)t ]x
21 (1 —id) 07221 +id) 0
e* (A 4iverr (1—id)e

WO =g T ar e a e

Then the general solution of the given differential equation L(y) = e* is

e* ny (14iV)e?*  (1—ir)e
A+ "2+ 2) T+

y(x) = c;e** + e x4

Here in our example, we take h = 1,H = 1, and H; = 1, so the given boundary conditions become:

Uly)=y'(0) —y(0) =0,

V) =y'(m)+ (A - Dy(m) = 0.

Now, we apply these boundary conditions on the general solution to find ¢; and c,.
e* (14 iDe™ (1—il)e

(1+22) 201+  2(1+2%)

From boundary condition y'(0) — y(0) = 0, we get

y'(x) = cyilet* — cyile A% +

And from applying boundary condition y’ () + (A — 1)y () = 0, we obtain
221+ 2A)((A— 1) +id)e?Mc; + 22 (1 + A2)((A— 1) — id)c,
=(E+DA=)A—i) — (G —DA—i)(1 + ir)e?AT — 22 A+HDT,

From equations (7) and (8) we conclude that
B —1+A(1—-1)
T2+ DA+ M — 1A 4 12(—i — 1) — 1+ A2(1 — ) el2™

222 e(HDT 4 (1 4+ AD)AGE+1) — i) — (1 + A (AL — i) + i)el? ™
2A(A + 1) (il — iet2Am — jQei2Am 4 )2(j 4+ 1)ei2A7® 4 (1 — A2 —i)

(—14 @i+ 1)2) 2™

2= T EF D@+ e —Aein 4 (—i— D2 -1+ (1 - DiZe®im)
(222 e@HDT 4 (1 4 ADNAG + 1) — D) — (1 + W) A — i) + 0)i e227)
220 — DA + e2Am — Qei2dm 4 22(—i — 1) — 1 + A2(1 — i) ei247)
Hence

e* o (1+ide?*  (1—id)e
A+ " 220+2) P22+ 42)

y(x) = cie* + ce”x 4
¢, and ¢, were defined from equations (9) and (10).

Note

If we have a second order linear differential equation of the form

y"(x) + 22y (x) = m(y),
where m(y) = q(x)y(x), so in this case the equation of the general solution
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= eAwi(x=t)

X n
w
y(x) = Zci eAwix _lenAT m(y)dt,

i=1 a =1
will be Volterra integral equations of the second kind and can be solved by the methods of solution of
Volterra integral equations of the second kind like resolvent kernel -Neumann series method.

Lemmal

If y(x) is an eigenfunction of the differential equation (1) corresponding to the eigenvalue A, then
ly(x)| <1, if |A] = co.

Proof

Let us consider the second order linear differential equation

y'()+ 22 y(x) = q()y(x).

In [8] NAIMARK proved that the second order linear differential equation (1) has two linear independent
solutions yy (x, 1) (for k = 1,2), which can be expressed as

. 1
Vie(x, 1) = eFDAx <1 +0 (Z)>,then

o (Fi) Ax (1 10 G))‘ = |0 x|

1+ lo )

i (x, DI

1+0(3)

IA

or

e Ce D - 1] < \o(%)|

And from above definition of (order big O) [10], we can say that 3 a constant k > 0,and

1
§>0 3 for 0 <|A—A,] < §,then |y (x, V)] —[1] < k|z|
Or

1 k
<1 = = 1] + =
eCe DI S 111+ k3] = 111+

k
So,if |A| » oo, then m — 0, hence
[y (x, )] < 1.

Thus the proof of Lemma 1 is ended.

Theorem 2
Let A = § + io be an eigenvalue of the given problem (1)-(3) corresponding to the eigenfunction y(x), if
o # 0, then the real part of Ais:

(1) Non-negative if H > 0. (2) Negative if H < 0.

Proof
The given problem with the boundary conditions will become:
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—y"(x) + q(x)y(x) = 22y(x),  x € (0,7) €Y)
U(y) =y'(0) — hy(0) =0, @)
V() =y'(m) + (AH — Hy)y(m) = 0. 3)

Taking the complex conjugates of all terms in (1), (2) and (3), we obtain

7" +q(x) y(x) = y(x), x€(0,m) (11)
y'(0) — hy(0) =0, (12)
y' (@) + (1H — H,)y(m) = 0. (13)

The above equations (11), (12) and (13) show that y(x) is the eigenfunction corresponding to the eigenvalue
A=68—io.

Multiplying equation (1) by y(x) and equation (11) by y(x) and subtracting, we obtain

(22 = 2) Iy@? = 7" ()y(x) = y" )y (x)
Or

- - d
(A=D)@A+Dly)I? = T (7' )y () —y' 0y ().

Integrating both sides of the above equation with respect to x from 0 to 7z, we thus get

(A=DG+A) [yl dx = 7 (v -y DI WIG
0

(A-2)@2+2) JIJ'(X)I2 dx = [y'(m) y(m) — y' @y (@) — (7'(0) y(0) — ¥'(0)5(0)). (14)
0

Multiplying equation (2) by y(0) and equation (12) by y(0) and then subtracting, we acquire

y'(0) y(0) = y'(0)5(0) = 0. (15)

Again, multiplying equation (3) by y(m) and equation (13) by y(rr) and then subtracting, yields

y'(m y(m) —y' (my(r) = (2 - 1) H ly@]>. (16)

By setting equations (15), (16) in equation (14), we deduce
s

(A-D)(A+17) le(x)lz dx = (- 1) H ly(m|2.
0

Since, 1 — 1 =i20 and 1 + 1 = 2§, hence
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T
260 fly(x)lz dx = o H|y(m)|?, this implies that
0

s Vs
1
5= EHly(n)lzfly(x)l2 dx, and since |y(7r)|2,f|y(x)|2 dx > 0,thus
0 0

(1) If H = 0, then the real partof A =§ >0, and
(2) If H < 0, then the real partof 1 =6 < 0.

Hence, the proof of theorem 2 is completed.

Theorem 3
The asymptotic behavior of eigenvalues of the given problem (1)-(3) in the sector T, has the form 4,, =

(m - iLnf(A) +0 (%)) ,and in the sector T; asymptotic behavior of the

i 1
spectrum has the form A, = (m + ELnf(A) +0 (E)) ,wherem=N,N+1,..,Nisa

(h—iA)%(Hy—iA)?

Natural number and f(1) = (2422 (HI4A2)

,where (h? + A2)(H? + 22) # 0, H, = H — H,.

Proof
We know the given problem with boundary conditions is defined as:

i (0) + @)y (x) = Py (x),  x € (0,m)
UWk) = yx(0) — hy,(0) =0,
V(yk) = yI,((T[) + (AH - Hl)yk(n) = O' for k = 0'1

Since y, (x) = vy, (x, Dare linearly independent solutions of the given second order linear ordinary spectral
problem, so they are satisfied the above problem.

In [8] NAIMARK proved that y, (x, ) has the form

_. 1
Vi(x, ) = e (D x <1 +0 (I)) ,fork =0,1.
Let us consider the determinant of A(1), which is defined by
A(A) = |U(yj)|k’j=0’1'

The following results can be obtained by using the equation of y; (x, 1) and the above boundary conditions.
1
U(,) = (2 —h) <1 +0 (I))
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— o 1
Ulyy) = (—id — h) <1 +0 (Z))
V() = ((H +)A — Hy e (1 +0 G))

. 1
V(y,) = ((H—i)A—Hy)e ™" <1 +0 (ﬁ)

1
If we put [1] = (1 +0 (—)) ,then the determinant of A(1) becomes

A
(iA—h)1] (—id — h)[1]
AC) = |((H + DA — Hy)e*™[1] ((H — DA — Hy)e=m[1]

The eigenvalues A are the zeros of the function A(1) = 0, hence the determinant of A(4) reduced to
(A —h) ((H=DA—Hy)e ™ [1] — (—id — h)((H + DA — Hy)e"*™[1] = 0,

or

(h+iV)((H — Hy) +id)et 22" = (h — iA)((H — Hy) — id).

If we put H, = H — H;, therefore, the last equation turn into

o (W=D (Hy — i) (h—i)?*(Hy — id)?
T DM+ i) (R A+ A HE + A2

(h —id)?(H, — id)?

h
(2 + D) (HZ +22) " e

Suppose f(1) =
2}. . 7 1
el2m = £(2) - lZAT[=LTlf(/1)+2mT”+O<E>'

2= —(1nf@) +2 '+o(i)
™ 2n nf mmt m/ )

or

i 1
Am = <m ~ 7 Inf(A)+0 (E)) ,wherem = N,N + 1, ... (N is anatural number).
Thus, the asymptotic behavior of spectrum in the sector T, has the form

2m
and in the sector T;

i 1
Am = <m ——Inf(A)+0 (E)) ,wherem = N, N + 1, ... (N is anatural number),

i 1
Am = (m + ELnf(/l) +0 (E)) ,wherem = N,N + 1, ... (N is anatural number).
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Conclusion

In the present work, we derived the general solution for nth order linear ordinary differential equations of

the form y ™ (x) + A" y(x) = m(y) for 1 # 0, by means of the method of variation of parameters, moreover
we studied the boundedness of eigenfunctions of the given boundary problem (1)-(3) , and we proved that the
sign of real part of the eigenvalues changed by means of the sign of one parameter in the boundary conditions.
Finally, we showed the asymptotic behavior of eigenvalues to the given problem.
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